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Abstract 

The present work deals with the search of useful physical applications 
of some generalized groups of metric transformations. We put forward 
different proposals and focus our attention on the implementation of one 
of them. Particularly, the results show how one can control very effi- 
ciently the kind of spacetimes related by a Generalized Kerr-Schild (GKS) 
Ansatz through Kerr-Schild groups. Finally a preliminar study regarding 
other generalized groups of metric transformations is undertaken which is 
aimed at giving some hints in new Ansatze to finding useful solutions to 
Einstein's equations. 



1 Introduction 

Kerr-Schild groups (or motions) are new kind of groups of metric transforma- 
tions 1 . In [1], their general structure as (local) Lie groups is worked out and 
several explict solutions are solved. In another work, [2], a further study has 
been carried out to deal with the issue of their general resolution and exis- 
tence. The results show that Kerr-Schild groups have a much richer structure 
than isometries or conformal symmetries. Some of the (new) features worth to 
be remarked are that they introduce a null vector field as the basic ingredient 
for the definition of a metric transformation, under some circumstances they 
contain infinite dimensional Lie algebras, or they allow for restricting isome- 
tries into subgroups according to their relation with respect to the null vector 
field. In this paper we shall start from the result that Kerr-Schild motions may 
be characterized by the system of differential equations (Kerr-Schild equations 
hereafter) 

£(t)g = 2h£®£, £(t)£ = b£, (1) 



1 The transformations are only required to be well behaved locally and the words "group" 
or "transformation" will stand for "local group" or "local transformation" . 
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where g is the fundamental tensor of a (Lorentzian) manifold, and £ is a real- 
valued one-form field. These objects are considered as data of the above system. 2 
On the other hand, h and b are unknown C°° functions and £ is the infinitesimal 
generator of a Kerr-Schild motion, also an unknown of the problem. Particularly, 
£ is named a "Kerr-Schild vector filed" (KSVF) in the same way that we have 
Killing or conformal vector fields. 

In addition, other works in [2] we have tackled other new possibilities coming 
from a geometrical definition of metric transformations. That work has enough 
detailed and general results. However their physical application is not developed 
in accordance. 

In this work we give some ideas that may prove to be useful towards such 
goal. Some of them are based upon physical applications of the two well-known 
metric symmetries, i.e. isometries and conformal symmetries. The main point 
here is that Kerr-Schild groups, or the new studied candidates, may yield rel- 
evant results beyond the ones of the two mentioned symmetries in some areas. 
Our aim is mainly to bring the attention to them. 

In Sect. 2, some applications are put forward. Sect. 3 defines one of the 
presented ideas, focussing the attention on the Kerr-Schild case, because it is, 
as of now, the most studied situation in the literature. In Sect. 4 we apply it 
to geodesic Kerr-Schild groups (Kerr-Schild groups in which i is geodesic). In 
Sect. 5, we begin with new candidates to metric transformations (or generalized 
metric symmetries) and give the results for the signature of the obtained space- 
times (following the idea of Sect. 3) in order to discern which may be the most 
interesting cases to be further studied elsewhere. We end this paper with the 
Conclusions. 

2 Some physical applications of generalized 
metric symmetries 

As mentioned elsewhere, their use in physics is just starting. Therefore, we 
can only advance some ideas about their application in direct physical prob- 
lems. These will be surely complemented in the future, but we shall show that 
there are already some hints. First, there are some works which implement 
usual metric symmetries (isometries and conformal symmetries) to Einstein's 
equations, see for instance [3]- [9]. This implementation has yielded interesting 
results because the authors collected different theorems and propositions on the 
energy-matter content that were previously a part, as well as new results. But 
the most remarkable feature would be the direct way they were all treated to- 
gether thanks to the use of isometries or conformal transformations. We believe 
that a similar work might prove to be as useful when based upon other sort of 

2 Only the direction of I. is relevant. Therefore, it is worth to refer to the congruence of 
null curves with tangent vector t, say C(. 
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metric symmetries and will be dealt with elsewhere. 

Secondly, even in the field of the problem of rigidity and elasticity in General 
Relativity, there appear some problems that can be written in terms of metric 
symmetries, or affine-like ones, see e.g. [10]- [13]. For instance, the Beltrami- 
Michel equations for any stress tensor, [12], can be obtained from the integrabil- 
ity conditions of a generalized metric symmetry. Moreover, each of the proposals 
that aim at generalizing the classical group of rigid motions in General Relativ- 
ity could benefit from their analysis inside the frame of generalized symmetries. 
An example regards to the appearance of infinite dimensional algebras in our 
scheme which might be linked with the action of a certain group, or subgroup, 
of the generalized rigid motions. This will be the matter of subsequent work. 

Finally, there is another possibility, closer to the main line of thought taken 
hitherto in the literature. The idea of using metric symmetries in order to group 
spacetimes is very well-stablished, specially for the case of isometries, see e.g. 
[8, 14]. In fact it is nowadays customary to use expressions such as G3, G*6, 
. . . Therefore, with the addition of new metric symmetries, we could begin to 
use similar classifications. Yet we shall focus on a refined idea: 

Instead of just classifying spacetimes taking into account only inner met- 
ric symmetries, that would constitute a trivial extension of the usual isometric 
classification, we demand moreover that there exists some "external" relation 
among them. Of course, there are many alternatives for these u adhoc" require- 
ment, but we have decided that the very metric symmetry be the connection 
amongst such spacetimes. This is accomplished by demanding that the space- 
times that share the same algebra of a given metric symmetry must be linked 
to each other by finite relations of the same form as the considered local metric 
symmetry. The meaning of being of the same form will be defined in a moment. 

This idea will be mainly applied to the Kcrr-Schild case in this work because 
the (Generalized) Kerr-Schild (GKS) Ansatz has proven to be very useful in 
General Relativity, see e.g. [8, 15, 16]. The fact is that, although the same idea 
can be further applied without difficulty to other new metric symmetries, one 
should first discern which are the most interesting finite metric relations. One 
often asks for new Ansatze that would as well yield useful solutions to Einstein's 
equations. However, their analysis turns out to be rather cumbersome for almost 
any alternative to conformal or GKS ones, see e.g. [17]. Now, we have the bonus 
that the structure of the final metrics ultimately rests on a symmetry problem, 
which, thanks to Lie's theory on continuous groups, is entirely controlled in 
its linear and first order contributions, also gives the hope that other metric 
transformations, e.g. the ones in [2], will prove to be useful. We had not 
still carried out an exhaustive study for these much bigger set of new metric 
symmetries. Here we present only a basic step towards such goal in Sect. 5, 
which are the signatures of the resulting spacetimes and if they may change. 
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3 Application to Kerr-Schild groups 



3.1 A preliminary remark 

Among the results obtained in [1] we would like to stress the following one 

Proposition 1 If a spacetime is of a GKS form, i.e. g = g + 2H£ <g> £, the 

solution for its KSVFs is the same as for (g,£), i.e. Eqs. (1), where now b = b, 
h = h + C(t)H + 2bH . 

It is important to notice that the set {£} is the same, but not necessarily its 
action on g, since, in general, h ^ h. This proposition will be useful in the 
following section and the examples later on. 

3.2 Integration a la Kerr-Schild of a Kerr-Schild group 

Definition 1 (Integration a la Kerr-Schild) We will say that we have inte- 
grated a la Kerr-Schild some particular Kerr-Schild group whenever 

3H | £(t)H + 2Hb + he T{h), v£ (2) 

where H is a C 00 -function of the manifold and T{h) is the set of functions that 
have the same functionality in the variables of the manifold as h has, and £ is 
any KSVF of the considered Kerr-Schild group. 

Consequently, from Proposition 1 , and Eq. (2) , g = g + 2H£ ® £ (where £,b,£,h 
are the same objects of the considered Kerr-Schild problem) will have not only 
the same Kerr-Schild group as g, £, but also its action on g, g. The same could 
be straightforwardly extended to other kind of general metric symmetries. Let 
us recall that the notion seems by itself interesting: in order to study a par- 
ticular finite metric relation, which is non-linear and, often, difficult to handle, 
use moreover the information given by its "corresponding" infinitesimal trans- 
formation, which is linear and of first order. Note that this analysis would not 
make any sense in the case of isometries, since the subset of metrics which are 
related by an isometric relation is simply the same metric itself. 

Since £ is a null one-form field, only its direction is relevant in the previous 
definition, that is 

Proposition 2 The a la Kerr-Schild integration does not dependend on the 
parametrization of I. 

Proof: If the parametrization of the curves defining the vector field I is changed, 
I changes by a multiplicative factor, i.e. I — > V = Al, with and henceforth 
I — > £' = Al. Writing the problem of Kerr-Schild groups for two different 
parametrizations, eqs. (1), it turns out that 

h' = h/A 2 , b' = + £(!*) In (3) 
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where h and b are the solutions for a certain parametrization and A 0) 
measures the change of parametrization between both cases. Then, eqs. (2) 
for £' are h' = ti + C(t)H' + 2b' H' e F{ti). The solution of these equations 
is clearly H' = H/A 2 , where H is the solution to A = 1. Finally, writing 
g' = g + 2H'£' <g> £', one gets g' = g + 2H£ <g> £. Thus, the only characteristic 
property of £ is its direction, as remarked elsewhere. 

We now proceed to solve the most representative examples worked out in 
[1] as well as a new one, which is the general solution of Kerr-Schild groups 
for Kerr-Newman spacetimes taking £ to be one of its principal null directions, 
Example 2. The reason of the subdivision in the presented examples is to be 
found in the results on the study of the general existence of Kerr-Schild groups, 
[2] . The non-geodesic case is left aside since the obtained solutions in [2] do not 
have apparently an immediate physical use. 

4 Geodesic £ with A ^ 

To begin with we define the scalar A as: 

A := -2D9 + 49 2 -3R+ 2l»V a V a l p + DM - 2MB £ 0, (4) 

where 

9=^V p l p , D:=FV p , R = R P ^, (5) 

and M is defined by £ geodesic a = Dl = Ml. 

We include it here because this scalar appears as a fundamental quantity 
in the study of the general existence of Kerr-Schild groups. However, in the 
present work, it is only necessary to know that it classifies the possible Kerr- 
Schild groups generated by geodesic £, according to whether A vanishes or not.. 

Example 1 (Radial and spherically symmetric^ in flat spacetime)T7ie 

integration a la Kerr-Schild for any geodesic, radial, spherically symmetric null 
vector field of flat spacetime yields the set of spacetimes linked by g = n+2H£®£. 

This first example of this section comes from flat spacetime, but one would have 
attained the same result starting from any of the resulting g. 
Proof: The Kerr-Schild equations read 

C(i)v = 2ht ® £, £(£)£ = b£. (6) 

The solution to this problem taking £ = -j^d(t ± r) , where we use standard 
spherical coordinates 

ds 2 = -dt 2 + dr 2 + r 2 {d6 2 + sin 2 9 dip 2 ), 
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is shown to be h — 0, b = and {£} = 5*0(3) ® T t , where T t stands for 
translations along the t axis. 

The equations that we need to solve are then 

cm = o (?) 

whose solution is H = H(r). Thus, the collection of metrics related by a GKS 
transformation that have 5*0(3) <£> T t as a solution to their own spherical Kerr- 
Schild problem is 

g = -q + 2H{r)e®e, (8) 

with^ = l/y/2(dt±dr). 

The set of metrics read in these coordinates (wc focus on the case £ = 
(1/V2)(dt + dr), though the same spacetiems are obtained for £ = (1/V2)(dt — 
dr)) 

ds 2 = -(l-H)dt 2 + 2Hdtdr+(l + H)dr 2 +r 2 dn 2 , H = H(r). (9) 
A general cobasis, which avoids coordinate problems at the possible horizons, is 



9° = (1 - § )dt - %dr, 6 1 = (1 + f )dr + §dt, 
Q 2 =rd8, ' Q 3 =r sin9 dip. 



(10) 



One can recover for H < 1 the explicit static expression of the metric by 
making the well-known change of the t coordinate given by dt = dt' + [H/ (1 — 
H)] dr, where t' is a new coordinate, whereas r, 9, and (f> remain unchanged. In 
this set of coordinates one gets 

ds 2 = -(1- H){dt') 2 + (1- H)~ 1 dr 2 +r 2 dn 2 , H = H(r). (11) 

We change in the following the name of t' to t, the usual Schwarzchild time 
coordinate. The natural cobasis to study all these metrics in the region H < 1 
is then 6° = VT^Hdt, 6 1 = (I/a/I - ~H)dr, 9 2 = rd6, 9 3 =rsin6dip. 

The Riemannian tensor has the following non-zero components (and, in ad- 
dition, the ones obtained by index symmetries). The expressions are equally 
valid for both cobasis. 3 



#0101 — —H"/2, -R0202 — #0303 — —H'/2r, 
-R1212 = -R1313 = H'/2r -R2323 = H/r 2 . 

The Ricci tensor has the following non-zero components 



(12) 



i?oo = -Ru =~\ U" + ^pj , R 22 = R 33 = 1 -( H ' + ^-). m ) 



3 This result can be extended to any other changed cobasis in any of the two two-planes 
expanded by dt — dr and dd — dip. 



G 



And the scalar curvature is given by 




(14) 



Finally, their Einstein tensor has the following expression 



Goo = —Gii = - ( H' H 



) 



G22 — G33 — — — 




r \ r 



Among the (V4, 5) one finds Schwarzschild vacuum and interior solution, Reiss- 
ner-Nordstrom and de Sitter solutions, and many others. Particularly, these arc 
obtained with (G = c = 1 throughout this work) H = 2m/ r (the only non-flat 
vacuum solution within the above set), H = 2m/r — Q 2 /r 2 , H = (A/3)r 2 , 
respectively, and where m is the mass of the object, Q its charge and A is the 
cosmological constant. The only case going back to flat spacetime is the trivial 
one H = 0. In order to show the usefulness of the preceding results, we will say 
that they have been applied very recently to study (quantum) regular interiors 
for black holes, see e.g. [18]- [20]. 

Besides these conclusions, it is worth emphasizing that the appearance of 
the de Sitter's solution has been in the form of its causal connected part. Thus 
this result may add some hints about the role played by £ (this result must be 
related to the fact that £ is a null one-form) in the Kerr-Schild transformation 
and its physical meaning, see also [21]. Results which, on the other hand, may 
as well be useful for the new situations depicted in Sect. 5, in order to relate the 
desired physical properties of the final solutions with the type of transformation 
one has to use for. 

Example 2 (Kerr-Newman spacetimes ) The integration a la Kerr-Schild 
for any of the principal null directions of Kerr-Newman spacetimes is given by 
g = 77 + 2H(r, z)t <g> t, if £ is rotational and by the result of Example 1 for the 
case of an irrotational £. 

The first thing to do is to solve the Kerr-Schild groups in Kerr-Newman 
spacetimes for their principal null directions. The result is 

Lemma 1 The Kerr-Schild groups for Kerr-Newman spaces associated with the 
principal null directions are given by T t (g> for rotational £, and by T t ® 5*0(3) 
for the irrotational case. 

Here t and <j> are Kerr coordinates, not Boyer-Lindquist coordinates. This result 
is remarkable because it extends Kerr-Schild groups to the most useful models 
of charged, spinning objects. 

Proof: The path of solving eqs. (2) directly is unnecessarily long. Instead we 
can make use of Proposition 1. 

In our case, it is well-known that Kerr-Newman spacetimes can be written 
in a Kerr-Schild form, i.e. g = r] + 2H£ ® £, where £ is any of its principal null 
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directions, and H — H(r, z), see e.g. [8, 22], yet its expression is irrelevant to our 
aims. The consequence — using Proposition 1 — is that the Kerr-Schild problem 
for Kerr-Newman spacetimes chosing £ to be one of its principal null directions 
can be reduced to the resolution of Eqs. (6), where £ has the expression 

If, z , rx + ay , ry — ax \ 
e=—[dt+-dz + ^—4dx + ^—^dy), 16 
y/2 \ r r z + a z r z + or J 

where a is now simply a constant, (its meaning as the spin of a particle belongs to 
Kerr-Newman spacetimes ) and {t, x, y, z} are now cartesian coordinates of the 
flat spacetime. It is easy to show that £ is geodesic and shear-free. If a is zero, 
we recover the radial null vector of Example 1. If a ^ 0, £ is rotational. The 
function r is defined by r 2 (x 2 + y 2 + z 2 ) + a 2 z 2 = r 2 (r 2 + a 2 ) as in Kerr-Newman 
spacetimes and the l/y/2 factor is introduced in order to link the irrotational 
situation with the radial £ of Example 1. 

Again, a direct resolution of Eqs. (6) is rather long, though easier than a 
direct resolution within Kerr-Newman spacetimes. Nevertheless, we shall make 
use of a — non-trivial — result about the general resolution of Kerr-Schild groups. 
When £ is geodesic, it can be shown that A determines the type of solution to the 
problem of Kerr-Schild groups. Particularly, if A ^ 0, KSVFs are the solutions 
of the system 

£(f) 7 = 0, C(i)£ = b£, (17) 

where 7 is a rang-two symmetric tensor, whose exact expression is unnecessary 
now, see [2] for details. It suffices to know that, in our case, we have the bonus 
that 7 = 77. Thus our problem reduces to a problem of isometries restricted by 
the second set of equations in (17). 

In the same reference, one can find the conditions under which A may vanish 
in, e.g., flat spacetime. A condition is that £ cannot be rotational. Therefore 
for a ^ 0, A ^ 0. For the irrotational case, a = 0, we can directly compute 
A since the expressions are rather simple. The result is A = 1/r 2 7^ 0. Thus 
A 7^ for the principal null directions of Kerr-Newman metrics, regardless the 
value of a. 

The final step is to solve Eqs. (17). The solutions must be a linear com- 
bination of the infinitesimal generators of the Poincarc group that satisfy the 
second group of equations of (17). The calculations are given in [2]. The end 
result is that h = b = 0, and {£} = {d t ,xd y — yd x } for the case n / 0, and 
{d t ,xd y — yd Xl xd z — zd x ,yd z — zd y }. This is the solution for flat spacetime. 
The infinitesimal generators are the same for Kerr-Newman spaces as we know 
from Proposition 1. We can also use it in order to find their action on them. 
The result is, in any case, h = b = 0. Therefore, the KSVFs are the Killing 
vectors of Kerr-Newman spaces. This finishes the proof of Lemma 1. 

The final step is to solve Eqs. (2). The solution is: for the rotational case, 
H = H(r, z) and for the irrotational case, H = H{r). 
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We note that a restriction of the spacetimes corresponding to the rotational 
case has been recently used in [23] in order to deal with the problem of a 
(quantum) source origin for the (charged) spinning particle within supergravity 
and string fields for the source. The new spacetimes are chosen from a direct 
generalization of Kerr-Newman spacetimes, letting the mass function to have 
a free function of r. We remark taht the whole family, above presented, has 
not been used yet. We reckon that taking it into account, and using the local 
irrotational set of observers in order to set the physical conditions near the 
core might yield new results — recall the results in the radial (irrotational) case 
before — , specially for the case where vacuum polarization is the dominant effect. 

Finally, let us recall that the main idea behind the GKS Ansatz is to choose 
a particular seed metric, say go, and an £ staisfying some physical require- 
ments. This procedure is stillpresent in Kerr-Schild groups because g and £ 
(its direction) are the data of the problem. One is thus encouraged to perform 
a further study for other geodesic £ with A / 0. For instance, we point out 
that Vaydia and Kerr-Vaydia metrics, [24], are spacetimes which could benefit 
from Kerr-Schild groups for the obtention of some hints towards interior solu- 
tions. Moreover, another option could start from the solution of Kerr-Schild 
symmetries for static spherically symmetric spacetimes given in [1] . Besides the 
"P + P = 0" family, the rest of interior stellar models would be equally sub- 
grouped according to their shared Kerr-Schild symmetries which should lead to 
similar results to those of [18, 20]. Finally, the connection with cosmological 
issues can be started from [25]. 

4.1 Geodesic £ with A = 

This is the last section on KSVFs. The null vector fields which are geodesic 
and satisfy A = are still a matter of further research. For the time being, 
it suffices to know that in spacetimes where I is a principal null direction and 
R = the family of such vectors includes the "cylindrical" and "cartesian" 
(or "parallel" ) cases, see below. Both cases constitute paradigms of Kerr-Schild 
groups. For the sake of brevity, we shall consider flat spacetime in the examples, 
although an extension of the results to several spacetimes of physical interest, 
such as those representing pp- waves, is readily accomplished (see later). Using 
cylindrical coordinates, the line-element of flat spacetime takes the form 

ds 2 = - dt 2 + dp 2 + p 2 dip 2 + dz 2 . (18) 

The "cylindrical" £ corresponds to £(±) = (l/V2)(±dt + dp). In the second case, 
using cartesian coordinates, 

ds 2 = -dt 2 + dx 2 + dy 2 + dz 2 , (19) 

whence one defines £( ± ) = (l/^/2)(±dt + dx) as a "cartesian" (or "parallel") £ 
(of course, x may be interchanged by either y or z). 
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Both £ yield rather particular solutions to the problem of Kcrr-Schild groups. 
In the first case, we find (see [1]) a local group which must be reduced when 
considering global topological properties of flat spacetime, whereas in the carte- 
sian case, the Lie algebra turns out to be infinite dimensional, i.e. containing 
some functional freedoms. 

Due to these special properties, it is worth studying them here. The results 

are 

Example 3 The a la Kerr-Schild integration of the cylindrical £ in flat space- 
time yields the spacetime defined by the metric tensor g = i] + 2H(p)£ ® t, 
where £ = (l/^/2)(±dt + dp), and {t,p} are usual cylindrical coordinates of 
cylindrically symmetric spacetimes. 

The calculation of this result follows similar steps as those of the preceding 
examples. The expressions for the KSVFs can be read from [1]. We note that 
the result above is valid either for the local group and for the global one. 

The geometrical properties of this case can be worked with the aid of two 
different orthonormal cobasis as before. An analogous change in the time coor- 
dinate t as that of the previous section allows us to write them in an explicit 
static form if H < 1. The expressions are analogous to (11). 

The Riemann tensor components are 4 (H = H(p), and A' = dA/dp) 

Rowi=-H"/2, Ro202 =Ro303 = -H'/2p, R 1212 =H'/2p, (20) 

and the rest are obtained by index permutation or are zero. The Ricci tensor 
for these metric-spaces has the following non-zero components 

Rqo = -Rh = -{1/2)[H" + {H'/p)l R 22 = H'/p. (21) 

Whence the scalar curvature is given by R = H" + (2H' / p). 

Finally, their Einstein tensor has the following non-zero components. 

Goo = —Gii = H /2p, G22 = —H/2, G33 = G22 + 2Gn. (22) 

The addition of a cosmological constant does not change the relation between 
Too and Tn, though the relation among the spatial pressures allows for changes 
in the signs of T22 and T33. The situation is now different with respect to 
Example 1 , where we had well-known solutions for the classical vacuum case, or 
the case of electromagnetic fields. We have now an axis of symmetry. The only 
vacuum solution is now flat spacetime, which is obtained with H = const.. The 
solution for R = is H = a+b/p, where a, b are constants (a is a gauge freedom), 
and corresponds to the electromagnetic field of a linear charged distribution, 
located along the axis p = 0, and is an analogue of the Reissner-Nordtrom 
solution for the symmetry we are considering. 

4 The results are again the same for several cobasis, including the "regular" and the "static 
ones. 
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We shall not analyze here their geometric properties (singularities, possi- 
ble extensions, etc). It seems that no well-stablished physical system can be 
attached to such relations and values of pressure and density. 

Example 4 The a la Kerr-Schild integration of the cartesian (plane) i in flat 
Spacetime can not be accomplished. 

This result comes from the fact that the Lie algebra is now infinite dimensional 
as we will now show. For ds 2 = —2dudv + dx 2 + dy 2 , and £ = du, where 
u := l/V2(t+z), v := l/V2(t—z), being t, x, y, z standard cartesian coordinates 
of fiat spacetime, the system of Eqs. (6) has the following solution: 

h = -Ax- By-C + Dv, b = D 

i=Dd u +[-Fv + Ax + By + C]d v + (-dy + A)d x + (dx + B)d v , ( ' 

where the functions A, B, C, D are arbitrary C°° functions of the variable 
u, A = dA/du, etc., and d is a real constant. It is the presence of these free 
functions that tells us that the associated Lie algebras are infinite dimensional. 
Consequently, the integrating system is now 

C(0H + 2HD = h-h, (24) 

where h = — (A)"x— . . . , changing all functions and constants by their respective 
expressions with tilde. 

Notice that the solution has to be valid for any combination of the unknown 
functions and constants of the Kerr-Schild solution. The end result is that only 
the trivial solution H = satisfies Eqs. (24) and therefore Definition 1. 

Notice that from Proposition 1 the results above can be extended to include 
any spacetime with g = r\ + F(u, w, x, y) du ® du. Particularly, if dF/d v — we 
have the pp- waves metrics, see e.g. [8, 26]. 

This result does not mean that for any subgroups the a la Kerr-Schild in- 
tegration exists, e.g. for any unidimensional subgroup. However, it is enough, 
as of now, to remark the impossibility of fulfilling Definition 1 for some general 
(intrinsic) Kerr-Schild algebras. On the other hand, it yields not only a limit for 
the grouping that can be attained with Definition 1 itseld — forbidding too free 
solutions — , but it might also help understanding some solutions to Einstein's 
equations from a different viewpoint. For instance, pp- waves and flat spacetime 
do not share their KSVFs, whereas Kerr-Newman and flat spacetimes do. A sim- 
ilar result was obtained twenty-five years ago by L. Dcfrisc-Carter [27] regarding 
the "isometrization of conformal symmetries. All this adds a new argument to 
the conclusion that although Kerr-Newman and pp-waves are Kerr-Schild met- 
rics, their relation with flat spacetime is completely different. 



11 



5 First steps towards finding other metric sym- 
metries 



We will now introduce other metric symmetries candidates. In [2] some new can- 
didates of metric symmetries were proposed and some examples were presented. 
The examples were mainly intented to prove the existence of Lie algebras for 
each candidate. The aim here is to give additional arguments in favor of their 
study. We thus think that a knowledge of some of their physical consequences 
could help deciding which are worth to be studied in more detail. A necessary 
point to be considered is the signature change that may happen when using 
such new metric relations. In the Kerr-Schild situation this issue was absent 
because a contribution of the type £ <£> £ with £ ■ £ = does not change its 
signature. For the rest of the situations — excluding isometries — the signature 
of the final metric may change. Let us finally recall the point stressed in the 
introduction that a non-Lorentzian signature may be of interest if, e. g., we aim 
at dealing with problems where space-like metrics are the relevant object, or 
where signature change plays a definite role. 

Of course, for the sake of brevity, we refer the reader to [2] for details on 
these metric symmetries. 

5.1 The £-m candidates 

This set is built upon the metric symmetries that a pair of null one-form fields, 
say £ and m with £ A m ^ 0, can create and is related with the light cone 
structure of spacetime. Obviously, a subcase would be that of Kerr-Schild groups 
developed before, where only one null vector field is used. 
The associated finite relations read 

g = g + H£®£ + G{£®m + m®£)+Fm®m, (25) 

where F, G, H are G°° functions on the manifold. The study of the signature 
of g yields, see also [28] 5 



sign (H) = sign ( F ) = 1 


AHF>{l + Gf, E, 
AHF=(1 + G) 2 , D, 
4#F<(1 + G) 2 , L. 


sign (H) = sign (F) = -1 


AHF>\l + Gf, A, 
4HF = (1 + G) 2 , D, 
4ffF<(l + G) 2 , L. 


sign (H) ? sign (F) 


L. 


H = or F = 


L. For G = -1, D. 


H = and F = 


L. For G = -1, double D. 



5 We shall choose a Lorentzian signature for g, particularly, g = diag(—l, 1, 1, 1). Of course, 
similar results are valid if one starts with the g = diag(l, — 1, — 1, —1). 
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Here (E)uclidean, (D)egenerated, (L)orentzian, (A)rtinian and double (De- 
generated signatures mean (1,1,1,1), (0,1,1,1), (—1,1,1,1), (—1,-1,1,1), 
(0, 0, 1, 1) respectively. 

5.2 The p-q candidates 

This set is a similar one with respect the previous Section. The difference lies 
now in that the metric symmetries are built using a pair of space-like one-form 
fields, say p and q with p A q ^ 0. Their corresponding finite transformations 
are 

g = g + Hp®p + G{p®q + q®p) + Fq®q. (26) 
The study of the signature of g yields 



sign(# + 1) = sign(F + 1) = ±1 


G 2 > (1 + H)(1 + F), A. 
G 2 = (1 + H){1 + F), D. 
G 2 <(1 + H)(1+F), L, 


sign (H+l) ^sign (F + 1) 


A. 


H = -1 or F = -1 


L. For G = 0, D. 


H = -1, F = -1, G = 


double D. 



In this case Artinian, Degenerated and double Degenerated signatures refer 
to (-1,1,1,-1), (-1,1,1,0) and (-1,1,0,0), respectively. 

5.3 The u-p candidates 

This last set is built upon the metric symmetries that a time-like one-form field 
and a space-like one, say u and n with mAti^O can create. Of course, combi- 
nations of this group correspond to different cases of Section 5.1. Nevertheless, 
there some problems where it is easier to work directly with a time-like vector 
field directly. For insance, in a "time-like" version of the GKS Ansatz, that is, 
if one choses a four velocity vector field instead of a null one. In this case, the 
corresponding same-type finite relations are 

g = g + Hu®u + G{u®n + n®u) + Fn®n. (27) 



13 



The study of the signature of g yields 



sign(ff - 1) = sign(F + 1) = 1 


G 2 > (H — 1)(1 + F), L, 
G 2 = (if-l)(l + F), £), 
G 2 <{H — 1)(1 + F), F. 


sign (H - 1) = sign (F+1) = -1 


G 2 > (H — 1)(1 + F), L, 
G 2 = (ff-l)(l + F), £>, 
G 2 < (H — 1)(1 + F), A. 


sign (H-l)£ sign (F + 1) 


L. 


H = 1 or F= -1 


L. For G = 0, F>. 


H = 1, F = — 1, G = 


double D. 



Now the degenerated cases are analogous to the ones presented in the two pre- 
vious cases. In this set one finds some situations of interest, as the one having a 
double four-velocity field deformation, which should be worked with more detail, 
see also [21]. 

6 Conclusions 

We have devoted this work to develop a particular application of metric sym- 
metries aiming at finding new solutions of Einstein's equations through a major 
control on geometrical elements of the final solutions. For instance, in the more 
considered case of Kerr-Schild groups, the geometrical object is a null vector 
filed which has a clearly physical interpretation, as well. This method may open 
a new path to finding useful solutions to Einstein's equations. This has been 
shown along the text with several examples, including the resolution of Kerr- 
Schild groups for Kerr-Newman spacctimes for their principal null directions, 
which constitute the basis for current studies on the structure of blak holes, or 
spinning particles. Moreover, this method may prove to be a complement of 
the usual (G)KS transformations, which have been considered always from a 
purely finite viewpoint only. The consequences of using Kerr-Schild groups are 
still to be explored in other spacetimes as the ones considered here as remarked 
elsewhere. 

For the other cases, i.e., other new metric symmetries, the interpretations 
are still to be worked out to achieve a similar status to that of Kerr-Schild 
symmetries. We have just set the basic pieces towards that goal, namely, a 
study regarding the signature change that may happen in the corresponding 
metrics. A worth control will only be gained if, at the same time, an extensive 
study of these new metric symmetries is carried out regarding the structure of 
their Lie algebras or, at least, by finding out some relevant examples. 

Finally, let us recall that other possible applications, mentioned in the in- 
troduction, i.e. that of a implementation of general metric symmetries to study 
energy-matter properties of spacetime following the line of thought of [4, 5, 7] 
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and the approximation to the rigidity problem, [10]-[13], will doubtless fill in 
most of the gap towards the physical comprehension of metric symmetries. 
Therefore, besides the mentioned general studies, these are as well desirable 
areas to be further considered. All this might lead to a feed back reaction 
between the algebraical and physical issues of the fabric of metric symmetries. 
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